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The self-similar problem of spreading of thin films of surfactants is examined with 
consideration of the effect of the total quantity of material present on the spread- 
ing process. 

Interest has recently increased in study of the mechanisms whereby oil spills spread 
over sea and ocean surfaces [1-9]. In the later stages of this process, when the petroleum 
film thickness becomes sufficiently small, the main forces determining the growth of its hori- 
zontal dimensions are surface tension and viscosity. In this case the flow characteristics 
do not depend on the total quantity of spreading substance nor its surface concentration dis- 
tribution [i, 2, 9]. However, in the final stages of the spreading process the film becomes 
so thin that it is necessary to consider the effect of surface concentration distribution of 
the material on the process. Similar problems occur in the study of spreading of a surfactant 
substance in the case where the total quantity of material is small and the surface tension 
regime sets in very soon. 

Thus, we shall examine spreading of a film in a regime wherein it is necessary to con- 
sider the total quantity of surfactant present Q, initially located upon the surface of a 
viscous incompressible liquid. 

From the condition of conservation of total quantity of material present, in the axi- 
symmetric case we may write 

2~ f f ( r ,  t) rdr=Q.  
( 1 ) 

b 
Neglecting diffusion processes, the equation of conservation of quantity of material 

within the film may be written in the form [I0] 

a r  ~ ~ a (rru) = o, (2) 
at r Or 

where u is the horizontal liquid velocity at the boundary with the film, directed along the 
radius. 

We assume that surface tension over the film changes from the surface tension of the 
pure liquid oo to the current c value which is dependent on concentration, i.e., o = o(r). 

The resultant force produced by the surface tension gradient is compensated by a shear 
force T, acting on the film from the direction of the liquid: 

w +7 = 0. (3) 

Using the results of laminar boundary-layer theory [i0] with the assumption that the 
velocity u is constant over film thickness, from Eqo (3) we obtain 

u = bK (OflOr) 2/3 r 113, (4) 

where K= (• •  i s  taken  c o n s t a n t  [11] ;  and b i s  a c o n s t a n t  equal  to 2 .0857.  

S u b s t i t u t i n g  Eq. (4) in  Eq. (2) we o b t a i n  

OF bK O[r4/3F(OF/Or)~13] = O. (5) 

Ot + r ,  Or 

In the present case we are interested in the asymptotic stage of fluid flow where the 
film radius R significantly exceeds the initial radius Ro. In this stage the details of the 
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Fig. i. Self-similar 
concentration function 
dis t ribut ion. 

initial concentration distribution are insignificant. To describe the process we represent 
the initial distribution in the form of a concentrated source 

f (r ,  t 0 = 0  at r=~0, (6) 

where  t ,  i s  t h e  a r b i t r a r y  commencement t i m e  o f  t h i s  s t a g e .  

Thus ,  t h e  p r o b l e m  r e d u c e s  to  s o l u t i o n  o f  Eq. (5) w i t h  i n i t i a l  c o n d i t i o n  (6) i n  t h e  
p r e s e n c e  o f  c o n s e r v a t i o n  l aw ( 1 ) .  The s o l u t i o n  w i l l  depend on t h e  p a r a m e t e r s  K, Q, ( t  - t l ) .  
Us ing  c o n s i d e r a t i o n s  o f  d i m e n s i o n a l i t y ,  we w i l l  s e e k  a s o l u t i o n  o f  Eq. (5) i n  t h e  fo rm 

f = [KQ -~/3 (t - -  6)1-3/4 f(~), (7)  

where  

Substituting Eq. (7) in Eq. 
obtained for the function f(~), we find 

t(~)= 
l o ~o < ~, 

where 7 = (3/8b)a/~; ~o is a constant, defined by conservation law (i); ~o----(4/?~)I/4~2. A 
graph of the function f(~) is shown in Fig. i (curve i). 

From Eq. (8) we obtain an expression for propagation of the forward front 

R (t) = 2.0 [KQ 2/3 (l - -  q)l 3/s . ( I0 )  

Solving the problem for the planar case in an analogous manner, we obtain 

f = [KQ] -4/3 (t--fl)] -~p ~ (o0, 

= [KQ~/3 ( t -  tO] -'~/2 x, 

(a) I? I (a~ -- az)/2, 0 <~ a < ao, 
= (n )  

[ O, a0 ~ ~, 

where  ?1 = (1/2b)3P; s0 = (3/2%,l)1/3 ~ 2,3; Q1 i s  t h e  t o t a l  q u a n t i t y  o f  s p r e a d i n g  m a t e r i a l .  Then we 
f i n d  t h e  e x p r e s s i o n  f o r  p r o p a g a t i o n  o f  t h e  f o r w a r d  f r o n t  

L (t) = 2,3 [KQff 3 (t - -  tl)] 1/~" (12)  

A g r a p h  o f  t h e  f u n c t i o n  ~ ( a )  i s  shown i n  F i g .  1 ( c u r v e  2 ) .  

= [KQ ~/3 ( t - -  tO] -3 / s  r. (8 )  

(5) and integrating the ordinary differential equation thus 

Thus, a self-similar solution has been found to the problem of spreading of a surfactant 
in the case where the total amount of material present must be considered. Both planar and 
spatial cases have been considered. 

From analysis of the results obtained above, it follows that the surfactant substance 
propagates from the source at a finite rate in a manner such that a clear boundary exists 
between the region occupied by the material and the bare surface. The film spreading has 
the character of a wave, the front of which is this boundary. 

Similar solutions in the form of a thermal wave in cases of nonlinear thermal conduc- 
tivity were first studied in [12]. Among the studies of this problem, we will note [13, 14], 
which considered the halting of the thermal wave front (metastable heat localization). Simi- 
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lar phenomena may occur in the development of a turbulized layer in a homogenous liquid [15]. 
A finite propagation front velocity was also observed in a study of the viscous stage of 
spreading of spots of mixed fluid in stably stratified media [16]. 

We note that consideration of the effect of surface concentration distribution inhomo- 
geneity of the material within the film upon the final stage of the spreading process leads 
to a reduction in the forward front propagation rate as compared to the "surface tension" 
regime, with both L and R being proportional to t s/~ [i, 9]. A definite analog of this case 
of film spreading is the two-stage diffusion process in solutions near the critical point, 
~nere there is initially a finite diffusion delay time, with a rapid change in speed of the 
process developing later [17]. 

NOTATION 

F, Q, surface concentration and total quantity of surfactant; oo, ~, surface tensions 
of pure liquid and film-coated liquid; T, shear stress; ~, 9, dynamic and kinematic viscosity 
coefficients; z=a~as parameter characterizing change in surface tension with concentration; 
x, r, horizontal coordinates in planar and axisymmetric cases; t, current time; t,, arbi- 
trary time of given regime commencement; L, R, maximum horizontal film dimensions in planar 
and axisymmetric cases; a, 6, @(e), f(~), self-similar variables and concentration functions 
in planar and axisymmetric cases; b, y, y,, constants. 
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